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a b s t r a c t 

The laminar flame speeds and structures of near-limit autoignition-assisted cool and warm n -heptane/air 

flames at different ignition Damk ӧhler numbers which are the ratios between flow residence time and 

the ignition delay time, elevated temperatures and pressures are studied computationally and analytically 

over a broad range of equivalence ratios. The primary objective of this work is to understand the effects 

of the ignition Damk ӧhler number, mixture temperature, equivalence ratio, and pressure on the dynam- 

ics and structures of cool and warm flame propagation near the flammability limit. Different transitions 

among near-limit cool, warm, and hot flames are examined. The results show that both cool and warm 

flame structures and propagation speeds change dramatically with the increase of the ignition Damk ӧhler 

number. Moreover, the dependence of normalized cool and warm flame speeds on the ignition Damk ӧhler 

number is affected by the equivalence ratio, pressure, and flame regimes. Furthermore, for equivalence 

ratios within the hot flame flammability limits, the results show that there exist two flame speeds, one 

for the hot flame and the other for the cool flame. It is shown that the cool flame speed has a non- 

monotonic dependence on the initial mixture temperature due to the negative temperature coefficient 

(NTC) effect. However, the warm flame speed has a much weaker NTC effect and the hot flame speed 

only increases monotonically with the increase of the initial temperature. The results also reveal that the 

lean cool flame speed can be much higher than the hot flame speed near the NTC region. Finally, a simple 

analytical model for predicting the flame speed of autoignition assisted flames is developed. The model 

implies that the reduced activation energy of autoignition strongly affects the flame speed dependence 

on the ignition Damk ӧhler number. The present results significantly advanced the understanding of the 

near-limit low temperature flame dynamics. 

© 2019 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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1. Introduction 

In advanced compression-ignition engines such as homoge-

neous charge compression-ignition (HCCI) engines [1] , reactivity-

controlled compression-ignition engine (RCCI) [2] , and spark

assisted HCCI engines [3,4] , the low-temperature ignition (LTI),

cool and warm flames [5–9] , and autoignition assisted flames

[10] play a critical role in affecting flame propagation, combus-

tion heat release and the performance at fuel-lean and high

compression ratio conditions. 

Cool flames have been studied in various flame geome-

tries including heated burners [11] , stirred reactors [12] , spheri-

cally propagating flames [13] , counterflow flames [14–17] , planar
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ropagating flames [5,18] , droplet combustion [19–21] , rapid com-

ression machines [22] and so on. A recent review of cool flame

ynamics can be found in [23] . The studies have shown that there

xist cool and warm flame below the hot flame flammability limit

nd that cool flame and hot flame can coexist for mixtures above

he hot flame flammability limit [9] . Unfortunately, many of these

tudies are limited to low mixture initial temperatures or chemi-

ally frozen boundary conditions at which effects of the autoigni-

ion on flame propagation is not considered. However, in advanced

ngines, the mixtures are compressed to high temperature and

ressure, and the autoignition timescale is comparable to the burn-

ng time of cool and hot flames themselves [23] . As a result,

ame propagation at engine conditions may be significantly influ-

nced by partial autoignition of the mixture. For example, at near

toichiometric conditions, knocking formation in gasoline engines

s an outcome of autoignition induced deflagration to detonation

ransition [24,25] . 
. 

https://doi.org/10.1016/j.combustflame.2019.09.019
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Fig. 1. The dependence of flame temperature on equivalence ratio of n -heptane/air 

mixture at 1 and 20 atm with initial temperature of 650 K. The dots mark the se- 

lected test cases. 
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For an ultra-lean mixture, although knocking may not be a

hallenging issue, the reduced flame speeds and flame Damk ӧhler

umber will make the low temperature ignition and cool flames

ecome critical in engine combustion [9,26] . At spark assisted HCCI

onditions of lean n-heptane/air mixtures, Ju et al. identified low

emperature and high temperature autoignition wave propagation

s well as the cool flame, the hot flame, and the double flame

tructures [4] . For hot flames, Martz et al. investigated the combus-

ion regimes of ignition-assisted flames under different tempera-

ure conditions and revealed the acceleration effect of autoignition

n hot flames [27,28] . Pan et al. further showed non-monotonic re-

ation between premixed flame speed and the initial temperature

ue to the NTC effect [9] . Ansari and collaborators discussed the

ey parameters affecting the autoignition assisted hot flame burn-

ng rate using different fuels [29] . Recent shock tube experiments

evealed there exists a non-monotonic flame speed dependence on

ixture initial temperature [26] . However, the numerical modeling

nly showed that a monotonic flame speed dependence on tem-

erature. The reason for the difference between experiment and

odeling was not clearly explained. 

More recently, Ju investigated the pressure, equivalence ratio

nd flame size effects on both cool and hot flame speed and the

ammability limit diagram [6] . Faghih et al. and Zhang et al. in-

estigated effect of confinement and the dynamics of the autoigni-

ion assisted flames [30,31] . Krisman et al. identified autoignition

ssisted flame regimes based on the response of the hot flame lo-

ation to the inlet flow speed and demonstrated the acceleration

ffect from the low and high temperature chemistry, respectively

10] . Different flame regimes such as burner stabilized flames, ig-

ition stabilized flames, and low temperature chemistry affected

ames were predicted. However, it remains unclear as how the

ame speeds of the cool flame and warm flame depend on the

gnition Damk ӧhler number and whether a cool flame can propa-

ate faster than a hot flame above the lean flammability limit. In

ddition, cool flame exists in both fuel lean and fuel rich condi-

ions. It is not clear how autoignition affects the propagation of

ean and rich cool flames differently. Furthermore, it is also not

lear with the increase of the mixture initial temperature how a

ool flame transitions to a warm flame, a double flame, and a hot

ame [17] . Answering these questions requires detailed investiga-

ion of near-limit cool, warm, and hot flames under engine-like

utoignition conditions. 

The goal of this study is to investigate the effects of the au-

oignition and the ignition Damk ӧhler number on the flame struc-

ures, propagation speeds, and chemical kinetics of lean and rich

remixed cool flames, warm flames, and hot flames at different

emperatures and pressures at near-limit conditions. Firstly, the

ool and warm flame speeds are simulated within a wide range

f ignition Damk ӧhler numbers. Then, effects of pressure, initial

emperature, and equivalence ratio on autoignition assisted flame

ropagation are investigated at different ignition Damk ӧhler num-

ers. Different types of transitions between near-limit cool flame,

arm flame, and hot flame are identified. Finally, a simple the-

retical analysis is conducted to analyze the dependence of au-

oignition assisted flame speeds on the ignition Damk ӧhler num-

ers. Comparisons between analytical and simulation results are

ade. 

. Numerical models and methods 

In the present study, n -heptane is chosen as the fuel because

t has low-temperature reactivity and is a major component of

he Primary Reference Fuel (PRF). A reduced n -heptane/air mecha-

ism [32] with 170 species and 962 reactions is produced from a

etailed mechanism [33] by a multi-generation path flux analysis

PFA) [34] method. 
In this study, both steady-state and unsteady freely propagating

ne-dimensional planar flames are used. For steady state flames,

he results are cross-validated by using both methods. The detailed

omparison between two methods can be found in the supplemen-

al materials. PREMIX [35] is adopted as the steady-state solver in

hich the upstream domain length is adjusted to change the ig-

ition Damk ӧhler number. The distance between the leading flame

ront and the inlet boundary is varied from 1 mm to 5 cm depend-

ng on the ignition Damk ӧhler number, ignition delay time and

ame speed. The optical thin radiation model is adopted. The arc-

ength method [36] is used to accelerate finding the steady-state

olutions. 

For unsteady flame simulations, the ASURF + [37,38] package

s used. ASURF + solves the compressible Navier–Stokes equations

nd the conservation equations of species and energy equations

sing the 3rd order weighted essentially non-oscillatory (WENO)

cheme [39] and uses multi-level dynamically adaptive mesh re-

nement to resolve the flame front. In order to improve the

omputational efficiency, the correlated dynamic adaptive chem-

stry and transport (CO-DACT) method [40] and the hybrid multi-

imescale (HMTS) method [41] are employed. To study the effect of

he ignition Damk ӧhler number on flame structure and dynamics,

he length of preheating zone between the inlet boundary and the

ame front, L f , is pre-specified. The initial mixture temperature, T 0 ,

quivalence ratio, φ and pressure, P , are given as the inlet bound-

ry conditions. The ignition Damk ӧhler number is then defined as,

 a ig = 

τ f 

τig ( T 0 , P, φ) 
(1) 

here τ ig is the autoignition delay time, for example, for cool

nd warm flames, τ ig is the first stage ignition delay time, for hot

ame, τ ig is the second stage ignition delay time. τ f ≡ L f / S L is the

ow residence time from the boundary to the flame front, and S L 
s the flame speed. 

For initial conditions, a wide range of pressures, temperatures,

nd equivalence ratios are considered. Figure 1 shows the com-

uted flammability diagram of n -heptane/air mixtures for T 0 =
50 K, φ = 0 . 2 − 20 , P = 1 and 20 atm . Seven selected conditions,

espectively for lean and rich cool flames, warm flame, and hot

ame, are studied and marked on the flammability diagram in

ig. 1 [6] . The detailed simulation parameters for these seven cases

re listed in Table 1 . The flame speed dependence for ignition

amk ӧhler number between 0.3 and 1.0 is examined for Case A,

, C and D. The relation between flame speed dependence on the

ixture initial temperature at a given ignition Damk ӧhler number

s studied for Case A, B, C, D, E, F and G. 
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Table 1 

Detailed parameters of selected test cases. 

Position Flame regime Pressure (atm) Equivalence ratio Initial temperature (K) Reference flame speed ( T = 650 K) (cm/s) 

A Cool flame 1 0.2 650–1000 27.2 

B Cool flame 20 0.2 650–1000 5.6 

C Warm flame 20 0.25 650–1000 5.6 

D Cool flame 1 20 650–1000 22.4 

E Cool flame 20 20 650–900 7.7 

F Cool flame 1 0.5 650–900 28.6 

G Hot flame 1 0.5 650–900 77.7 

Fig. 2. a and b: the lean ( φ = 0.2) cool flame structures at T 0 = 650 K, Da ig = 0.4, P = 1 (Case A) and 20 atm (Case B), respectively. (c) The relation between the normalized 

premixed cool flame speed and the ignition Damk ӧhler number for lean cool flames at low and high pressures, T 0 = 650 K , P = 1 and 20 atm, φ = 0.2. (d) The lean ( φ = 0.2) 

cool flame structures at T 0 = 650 K, P = 1 atm, Da ig = 0.4 and 0.97, respectively. (e) and (f) Comparisons of the volumetric chemical heat release and heat conduction rates 

for cool flames at T 0 = 650 K, P = 1 atm, φ = 0.2, Da ig = 0.4 and 0.97, respectively. 
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3. Results and discussions 

3.1. Effects of ignition Damk ӧhler number on lean and rich cool 

flames at elevated pressures 

Figure 2 (a) and (b) shows the structures of lean ( φ = 0.2)

cool flames at T 0 = 650 K, P = 1 (Case A) and 20 atm (Case B),

respectively, at Da ig = 0.4. The predicted cool flame speeds at 1

and 20 atm are S L,D a ig =0 = 27.2 and 5.6 cm/s. Figure 2 (a) shows

that at P = 1 atm, the lean cool flame temperature rise is around

90 K and the effect of radiative heat loss on flame temperature is

negligible. The cool flame reaction zone is very thin ( ∼0.2 mm) and

a large amount of formaldehyde is formed. At P = 20 atm, Fig. 2 (b)

shows that the cool flame temperature rises more than 110 K

and the reaction zone thickness decreases to less than 0.04 mm.

Moreover, CH 2 O formed in the cool flame is oxidized by OH in the

downstream due to the increased flame temperature. Therefore, an

increase of pressure changes the structure of the lean cool flames. 

Figure 2 (c) compares the dependence of the normalized flame

speeds of lean ( φ = 0.2) cool flames on the ignition Damk ӧhler

number at P = 1 and 20 atm, respectively, at T 0 = 650 K. The
ame speeds are normalized by their speeds S L,D a ig =0 at a very low

amk ӧhler number, where the upstream autoignition has negligi-

le impact on flame speed. Figure 2 (c) shows that the normalized

ame speed increases nonlinearly with the increase of the ignition

amk ӧhler number. Specifically, when Da ig is low (e.g., Da ig < 0.5),

he effect of ignition acceleration is negligible (usually within 1%)

ue to the strong temperature-dependent Arrhenius effect. While

or Da ig > 0.5, the flame speed is exponentially increased. At a low

amk ӧhler number ( Fig. 2 (a) and (b)), the flame structure agrees

ell with the classical laminar flame theory where the reactions

ainly happen in a narrow reaction–diffusion reaction zone. Nev-

rtheless, it is interesting to note in Fig. 2 (c) that for the lean cool

ames, the normalized flame speed dependences on the autoigni-

ion Damk ӧhler number . for pressures at 1 and 20 atm are almost

he same although the absolute flame speeds have changed about

ve times. This close correlation indicates that based on the cur-

ent kinetic model, the autoignition chemistry for lean cool flames

t low and high pressure have similar dependence on local tem-

erature and intermediate species. Of course, the accuracy of the

ressure-dependence of the kinetic model needs to be addressed

n future studies. 
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Fig. 3. (a) The relation between the normalized premixed cool flame speed and the ignition Damk ӧhler number for rich cool flames at low and high pressures, T 0 = 650 K, 

φ = 20, P = 1 (Case D) and 20 (Case E) atm. (b) and (c) the rich ( φ = 20) cool flame structures at T 0 = 650 K, Da ig = 0.4 and 0.95, P = 1 (Case D) and 20 (Case E) atm, 

respectively. 
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Fig. 4. The relation between the normalized cool flame speed and the igni- 

tion Damköhler number at atmospheric pressure for lean and rich cool flames, 

T 0 = 650 K, P = 1 atm, φ = 0.2 (Case A), 0.5 (Case F) and 20 (Case D). 
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To illustrate the change of the flame structure with the in-

rease of ignition Damköhler number, Fig. 2 (d) shows the compar-

son of lean cool flame structures, respectively, at Da ig = 0.4 and

.97 at T 0 = 650 K, P = 1 atm, and φ = 0.2. The stream-wise co-

rdinate is shifted to make flame fronts at the low and high ig-

ition Damköhler number conditions locate at the same place for

etter comparison. It shows clearly that at Da ig = 0.97, although

he final peak flame temperature is nearly the same as that of

a ig = 0.4, there is a significant temperature rise and heat re-

ease in the convection–diffusion zone. The chemical heat release

n the convection–diffusion region is caused by autoignition which

aises the initial temperature and changes the mixture composi-

ion entering the trailing thin reaction–diffusion zone. Figure 2 (e)

nd (f) shows the comparisons of the volumetric chemical heat

elease rate and heat conduction rate for a low (Da ig = 0.4) and

igh (Da ig = 0.97) ignition Damköhler number at T 0 = 650 K,

 = 1 atm, and φ = 0.2. At the low ignition Damköhler number of

a ig = 0.4, the chemical heat release rate and the heat conduction

ate are of the same magnitude, which confirms that at low igni-

ion Damköhler numbers cool flames are governed by the reaction-

iffusion process. While at the high ignition Damköhler number of

a ig = 0.97, due to auto-ignition, the chemical heat release in the

ownstream reaction–diffusion zone is so small compared to that

n the upstream auto-ignition reaction region. As such, the diffu-

ive heat transfer rate becomes almost negligible compared with

he chemical heat release rate. The lack of the balances between

hemical heat release rate and heat conduction rate indicates that

he cool flame propagation mode is fundamentally governed by the

uto-ignition wave instead of the flame wave. As a result, as shown

n Fig. 2 (c), the flame speed increases dramatically with the in-

rease of Da ig. 

Figure 3 shows, respectively, the cool flame speed dependence

n the ignition Damköhler number and the comparison of flame

tructures at low (Da ig = 0.4) and high (Da ig = 0.95) ignition

amköhler numbers at T 0 = 650 K, P = 1 and 20 atm, respectively,

or fuel rich mixture ( φ = 20). The computed cool flame speeds

t φ = 20 at 1 and 20 atm are, respectively, S L,D a ig =0 = 22.44 cm/s

nd 7.74 cm/s. It is seen that different from the lean cool flames,

he flame speed dependence on the ignition Damköhler number

or rich cool flame is affected by the pressure. With the increase

f pressure, the increase of the normalized rich cool flame speed

s delayed, indicating a higher activation energy for autoignition

t a higher pressure. The effect of the pressure increase on flame

tructure at different ignition Damköhler numbers can be also seen

n Fig. 3 (b) and (c). Similar to the lean cool flame, with the in-

rease of the ignition Damköhler number, there are both tempera-

ure increase and autoignition heat release in the broad pre-flame

onvection–diffusion zone. However, at P = 20 atm, the heat release
ate increases much slower than that of P = 1 atm at the same

emperature. More precisely, at Da ig = 0.95, the temperature is

88 K at the 10% of the maximum heat release rate at P = 1 atm.

owever, at P = 20 atm, the temperature increases to 720 K at the

0% of the maximum heat release rate. It is well-known that the

emperature sensitivity of the reaction heat release rate shown in

ig. 3 (b) and (c) at a large ignition Damköhler number is mainly

overned by the autoignition activation energy. As such, the de-

ayed increase of the normalized cool flame speed at higher pres-

ure shown in Fig. 3 (a) suggests that the autoignition activation

nergy at high pressure is increased at fuel rich conditions, which

s different from that of lean cool flames. 

Figure 4 compares the dependence of flame speed on the

gnition Damköhler number for lean and rich cool flames at

tmospheric pressure, T 0 = 650 K , and P = 1 atm for φ = 0.2,

.5 and 20. First, it is seen that cool flame speeds at all three

ixture conditions almost do not change for Da ig < 0.5. When

a ig > 0.5, the flame speeds increase exponentially with the igni-

ion Damköhler number. Secondly, for lean cool flames at φ = 0.2

nd 0.5, the normalized flame speed dependence on the ignition

amköhler number is very similar. However, the increase of the

ormalized flame speed with the ignition Damköhler number is

elayed for rich cool flames. The results in Figs. 3 (a) and 4 suggest

hat the correlation between the normalized flame speed and the

gnition Damköhler number is affected by pressure and mixture

quivalence ratio. As will be discussed later, the change of flame
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Fig. 5. (a) and (b) the lean ( φ = 0.2) cool flame structures at Da ig = 0.4, P = 1 atm, T 0 = 750, 790 K respectively. (c) The lean ( φ = 0.2) hot flame structures at T 0 = 10 0 0 K, 

Da ig = 0.4, P = 1 atm. (d) The relation between the normalized premixed cool flame speed and the initial temperature for lean ( φ = 0.2) cool and hot flames at low (1 atm) 

and high (20 atm) pressures, T 0 = 650 −10 0 0 K, P = 1 and 20 atm, φ = 0.2. (e) The relation between the normalized cool flame speed and the ignition Damköhler number at 

atmospheric pressure for lean cool flames at different initial temperatures, T 0 = 650 and 700 K, P = 1 atm, φ = 0.2 (Case A). 
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speed dependence on ignition Damköhler number is caused by

the change of autoignition activation energy. 

3.2. Impact of initial temperature and NTC effect on near-limit cool 

and hot flame flames 

It is well-known that both cool and hot flame speeds are

strongly affected by temperature. However, it is not clear whether

a cool flame can propagate faster than a hot flame at elevated

temperature. To answer this question, Fig. 5 (a)–(c) shows the

structures of cool and hot flames at different initial temperatures,

T 0 = 750, 790 and 10 0 0 K, for Da ig = 0.4, P = 1 atm, and φ = 0.2.

Figure 5 (d) shows the dependence of the normalized flame speed

on the initial mixture temperature, for P = 1 and 20 atm, respec-

tively. It is seen from Fig. 5 (d) that the three initial temperatures

at 750, 790 and 10 0 0 K, represent, respectively, the cool flame

outside NTC region, the cool flame in NTC region, and the hot

flame. At T = 750 K, the cool flame structure in Fig. 5 (a) shows the

flame front temperature is about 770 K after which a large amount

of CH 2 O is formed. The flame temperature only rise by 40 K and

the peak heat release rate is about 2.6 × 10 7 J/m 

3 s. Comparing to

Fig. 2 (a), one can conclude that with the increase of initial mixture

temperature, the cool flame temperature rise decreases. For a cool

flame in the NTC region ( T 0 = 790 K), Fig. 5 (b) shows that with a

further increase of the initial temperature, the cool flame temper-

ature rise decreases to only 11 K and the peak heat release rate is

reduced to 2.2 × 10 6 J/m 

3 s. This is mainly due to the NTC effect

[42] . In the NTC region, the reactivity of the low-temperature

chemistry is inhibited by the acceleration of the decomposition

reactions of fuel peroxy radicals (RO 2 = R + O 2 ), hydroperoxyalkyl

radicals (QOOH = QO + OH) and peroxy hydroperoxylalkyl rad-

icals (O 2 QOOH = QOOH + O 2 ). The decrease of the RO 2 and

QOOH radical pool by these decomposition reactions slows down
he overall low-temperature chain-branching pathways [23] . As

 result, the flame speed in the NTC region drops significantly

 Fig. 5 (d)). With the initial temperature further increases to

 = 10 0 0 K, the role of low temperature chemistry in heat release

ate is negligible and the flame chemistry is governed by the high

emperature chemistry (H + O 2 = O + OH). Figure 5 (c) shows that

he flame temperature rise increases to 450 K. However, the flame

peed remains low due to the large activation energy of the high

emperature chemistry. 

Figure 5 (d) shows the dependence of the normalized flame

peed on the initial mixture temperature at φ = 0.2, Da ig = 0.4,

 = 1 and 20 atm, respectively. It is seen that at both low and

igh pressures, the flame speeds have a non-monotonic depen-

ence on the initial temperature due to the NTC effect. At low tem-

erature, the cool flame speed increases with temperature. In the

TC region, the cool flame speed decreases with the increase of

emperature. In the high temperature region, the cool flame be-

omes a hot flame and the flame speed increases with the initial

emperature again. However, it is interesting to notice that the hot

ame speeds at such fuel lean conditions are very low. As a re-

ult, the peak cool flame speed before the NTC region is much

igher than the hot flame. Another interesting observation comes

rom the comparison between the flame speeds at low and high

ressure conditions. Figure 5 (d) clearly shows that the peak nor-

alized flame speed at high pressure is much higher than that

t low pressure. This is the consequence of the fact that the in-

rease of pressure moves the turnover temperature of NTC to be-

ome higher, which enables the autoignition assisted cool flame to

ave a wider initial temperature range to accelerate. Figure 5 (e)

hows the relation between the normalized cool flame speed and

he ignition Damköhler number at atmospheric pressure for lean

ool flames at different initial temperatures, T 0 = 650 and 700 K,
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Fig. 6. The relation between the normalized premixed cool flame speed and the 

initial mixture temperature for lean and rich cool and hot flames at atmospheric 

pressure, P = 1 atm, φ = 0.2 and 20. 

Fig. 7. The relation between the premixed flame speed and the initial temperature 

for lean cool and hot flames at atmospheric pressure, P = 1 atm, φ = 0.5. Note that 

the mixture equivalence ratio here is within the hot flame lean flammability limit. 

P  

h  

a  

i  

t  

n  

n  

i  

a

 

n  

(  

D  

m  

a  

d  

m  

f  

i  

m  

f

 

fl  

t  

φ  

b  

u  

c  

N  

a  

a  

h  

i  

t  

c  

fl  

s  

i  

s  

k

3

t

 

t  

w  

b  

l  

i  

T  

i  

w  

a  

H  

t

 

a  

a  

i  

s  

a  

t  

t  

s

 

l  

P  

T  

D  

t  

o  

s  

F  

n  

s  

t  

i  

d  

b  

p  

0  

w  

c  

fl  

t

 

w  

s  

m  
 = 1 atm, φ = 0.2 (Case A). As can be seen from Fig. 5 (e), under a

igher initial temperature T 0 = 700 K condition, the flame speed of

utoignition assisted cool flame increases slightly slower at lower

gnition Damköhler numbers (0.4 < Da ig < 0.75), but much faster

han that of the T 0 = 650 K case at higher ignition Damköhler

umbers (Da ig > 0.75). This difference is mainly caused by the

egative temperature coefficient effect, i.e., a slower fuel reactiv-

ty and a higher global activation energy at a higher temperature

fter auto-ignition. 

Figure 6 shows the comparison of the relations between the

ormalized flame speed and the initial temperature for lean

 φ = 0.2) and rich ( φ = 20) cool flames at P = 1 atm and

a ig = 0.4. Once again, both lean and rich cool flames have non-

onotonic flame speed dependence on the initial mixture temper-

ture due to the NTC effect. Note that the normalized flame speed

ependences on temperature for lean and rich mixtures have al-

ost the same correlation before the NTC region. The main dif-

erence is that for the rich mixture, the NTC turnover temperature

s shifted to a higher temperature by 10 K and results in a higher

aximum normalized cool flame speed and a delayed transition

rom cool flame to hot flame. 

For a mixture above the hot flame flammability limit, both a hot

ame and a cool flame can exist ( Fig. 1 ). Figure 7 shows the rela-

ion between flame speed and the initial mixture temperature for
= 0.5 at P = 1 atm and Da ig = 0.4. Figure 7 clearly shows that

oth cool and hot flames exist and have different flame speeds

nder the same condition. For the cool flame, the flame speed

hanges with the initial temperature non-monotonically due to the

TC effect. However, unlike the sub-limit lean cool flames in Fig. 6 ,

t the end of the NTC region, a further increase of initial temper-

ture will result in an unsteady transition from a cool flame to a

ot flame. On the other side, for the hot flame, the flame speed

ncreases monotonically with the increase of the initial mixture

emperature. This is because the hot flame does not have an NTC

hemistry. Furthermore, as can be seen in Fig. 7 , the near-limit cool

ame speed is comparable to, or even higher than the hot flame

peed over a certain range of temperature. Figure 7 reveals that

n near-limit flame speed measurements, care is needed to under-

tand whether the flame is a cool flame or a hot flame so that the

inetic mechanism can be appropriately validated. 

.3. Ignition assisted warm flames and warm flame to hot flame 

ransition 

As shown in Fig. 1 , a warm flame exists at high pressure below

he lean flammability limit of the hot flame. Figure 8 (a) shows the

arm flame structure at T 0 = 650 K, P = 20 atm, φ = 0.25. As can

e seen in Fig. 8 (a), the warm flame has two separated heat re-

ease peaks, or in other words, two separated flame fronts: a lead-

ng cool flame front and an intermediate temperature flame front.

he leading cool flame front temperature is around 720 K and the

ntermediate temperature flame front temperature is around 930 K,

hich is above the temperatures for low-temperature chemistry

nd below those for high temperature chemistry [23] . CH 2 O and

 2 O 2 are produced in the cool flame and consumed before and in

he intermediate temperature flame. 

Figure 8 (b) shows the relation between normalized flame speed

nd the ignition Damköhler number for the lean cool ( φ = 0.2)

nd warm ( φ = 0.25) flames at T 0 = 650 K and P = 20 atm. At low

gnition Damköhler number (0.4 < Da ig < 0.8), the warm flame

peed is largely governed by the speed of the leading cool flame

nd the cool and warm flames have almost the same response to

he increased ignition Damköhler number. However, at high igni-

ion Damk ӧhler numbers, the increase of the warm flame speed

tarts to slowdown compared with the cool flame. 

To better understand the warm flame at large ignition Damköh-

er numbers, Fig. 9 (a) shows the warm flame structures at

 = 20 atm, T 0 = 650 K, φ = 0.25, Da ig = 0.4 and 0.96, respectively.

he downstream domain size is extended for the high ignition

amköhler number case (Da ig = 0.96) to show the full flame struc-

ures. Figure 9 (b) zooms in the leading cool flame front for better

bservation. The cool flame front location is fixed at the same po-

ition for both low and high ignition Damköhler number flames.

igure 9 (a) shows that with an increase of ignition Damköhler

umber, the intermediate temperature flame front moves down-

tream and is further decoupled from the leading cool flame due

o the increase of the leading cool flame speed. As can be seen

n Fig. 9 (b), the autoignition heat release in the convection and

iffusion zone at Da ig = 0.96 is increased. However, the distance

etween the leading cool flame front and the intermediate tem-

erature flame front becomes much larger from Da ig = 0.4 to

.96, resulting in a smaller temperature gradient distribution and a

eaker diffusive heat transfer from the intermediate flame to the

ool flame. This decoupling between the cool and the intermediate

ames attributes to a slower increase of warm flame speed with

he ignition Damköhler number. 

To understand the transition from a warm flame to a hot flame

ith the increase of the initial mixture temperature, Fig. 10 (a)

hows the relation between the warm flame speed and the initial

ixture temperature at P = 20 atm and φ = 0.25. Similar to the
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Fig. 8. (a) The warm flame structure at T 0 = 650 K, P = 20 atm, φ = 0.25, Da ig = 0.4. (b) The relation between normalized flame speeds and the ignition Damköhler number 

for lean cool ( φ = 0.2) and lean warm ( φ = 0.25) flames at T 0 = 650 K, P = 20 atm. 

Fig. 9. (a) The warm flame structure at T 0 = 650 K, P = 20 atm, φ = 0.25, Da ig = 0.4 and 0.96. (b) zooms in the leading cool flame structure of the warm flame. 

Fig. 10. (a) The relation between flame speed and the initial temperature for warm flames ( φ = 0.25) at T 0 = 650 K, P = 20 atm. (b) and (c) The warm flame temperature 

and heat release rate distributions at P = 20 atm, φ = 0.25, T 0 = 655 K (red lines), 840 K (green lines), 890 K (blue lines), 985 K(orange lines), respectively. (For interpretation 

of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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cool flame, the warm flame also has a non-monotonic dependence

of flame speed on the initial temperature due to the existence of

the leading cool flame in the warm flame structure. However, the

NTC effect of the warm flame is significantly weaker than that of

a cool flame ( Figs. 5 and 6 ). Figure 10 (a) shows that in the NTC re-

gion starting at T 0 = 875 K, the flame speed only decreases slightly

from 90.2 cm/s to 80.0 cm/s. At the end of the NTC region (about

960 K), the warm flame transitions to a hot flame and the flame

speed increases with temperature rapidly. 
To further investigate the warm flame to hot flame transition

rocesses, the distributions of temperature and heat release rate of

arm flames at different initial mixture temperatures are shown

n Fig. 10 (b) and (c), respectively. In both Fig. 10 (b) and (c), the

ntermediate temperature flame fronts are shifted to the same po-

ition for better comparison and the upstream domain length is

aried since the ignition Damköhler number is fixed. For the ini-

ial temperature of T 0 = 655 K, there are clearly two heat release

ate peaks, which is a typical warm flame structure. As the ini-
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Fig. 11. (a) Illustration of flame structure for the theoretical model of autoignition assisted flame. (b) The comparison for the simulation result and theoretical analysis result 

for the autoignition assisted lean cool flame at T 0 = 650 K, P = 1 atm, φ = 0.2, S L,D a ig =0 = 27.2 cm/s and T a = 1871 K. 
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ial temperature rises to T = 840 K, the heat release rate increases

t the cool flame front and the flame speed increases. At the

ame time, the double-peak heat release rate structure transitions

nto a triple-peak heat release rate structure contributed respec-

ively by three temperature dependent chain-branching reactions

23] . The third peak near 1400 K is caused by the high tempera-

ure chemistry. At this condition, the heat release rate of the cool

ame front is still dominant. As the initial temperature rises to

 0 = 890 K (inside the NTC region), the low temperature chem-

stry reactivity is suppressed. At the same time, both the inter-

ediate temperature and high temperature heat releases become

tronger. In addition, it is seen that the peak high temperature heat

elease rate is already larger than the peak intermediate temper-

ture heat release rate. As the temperature further rises, the in-

ermediate temperature heat release rate decreases, and the high

emperature heat release becomes dominant. At T 0 = 985 K, the

arm flame becomes a hot flame with a single high temperature

eat release peak. Therefore, the transition between the warm and

ot flame is the competition among the heat release rates at low,

ntermediate and high temperature reaction zones. 

.4. A simple analytical model for prediction of autoignition assisted 

ame speed 

The simulation results have revealed that cool flame speed is

trongly affected by the ignition Damköhler number, pressure, and

quivalence ratio. For computational modeling with reduced mod-

ls, it is necessary to predict the dependence of cool flame speed

n the ignition Damköhler number in an analytical form. 

The numerical results of flame structures at different ignition

amköhler numbers in Figs. 2 , 3 and 5 show that, in the flame

one, the assumption of thin reaction-diffusion zone still holds.

his implies that the large activation energy assumption [43] can

e still adopted at analyzing autoignition assisted cool flame speed.

A simplified three-zone model is shown schematically in

ig. 11 (a). In the convection–autoignition zone x 0 < x < x p ,

utoignition heat release raises the mixture temperature from

he initial temperature, T 0 , to preheat temperature, T p . In the

onvection–diffusion zone x p < x < x i , the diffusive heat trans-

er further raises the temperature of the partially burned mixture

rom T p to the autoignition temperature of T i . In the last diffusion–

eaction zone x i < x < x f , reactants are oxidized, and the tempera-

ure rises to peak flame temperature, T f . 

Although autoignition in the convection zone generates dif-

erent intermediate species, the flame reactivity is still mostly
overned by the temperature. Therefore, for the sake of simplic-

ty, we will assume that autoignition only modifies the mixture

emperature and that other changes are negligible. Consequently,

he focus of the current simple model is only placed on modeling

he impact of heat release by the autoignition on the flame speed. 

Firstly, we assume the global reaction rate can be represented

y a one-step Arrhenius reaction with the activation temperature,

 a . Adopting the assumption of constant thermal dynamic proper-

ies, the energy equation based on the flame front coordinate in

he convection-autoignition zone can be written into the following

orm by neglecting the diffusive transport: 

DT 

Dt 
= u 

dT 

dx 
= ˙ ω = A T b exp 

(
−T a 

T 

)
, x 0 < x < x p (2a)

here D 
Dt represents material derivative, A is the reduced pre-

actor of the reaction rate including the specific heat and density,

 a = E a /R is the activation temperature, b is a constant. Eq. (2a) can

e rewritten in Lagrangian coordinate fixed on a certain mixture

arcel: 

dT 

dt 
= A T b exp 

(
−T a 

T 

)
, 0 < t < τp (2b)

here τ p is the residence time for the mixture flowing through

onvection-autoignition zone ( x 0 , x p ). Integrating Eq. (2b) from

 0 | t=0 to T p | t= τp : 

 T p 

T 0 

A 

−1 T −b exp 

(
T a 

T 

)
dT = τp ≈ τ f (3a) 

Note that due to exponential increase of temperature in the

onvection-ignition zone, the approximation τ p ≈ τ f holds well and

s verified by numerical simulations (see the two validation cases

n the supplementary material). Eq. (2b) can be used to approxi-

ate the ignition delay time τ ig under a constant pressure: 

ig ≈
∫ T i 

T 0 

A 

−1 T −b exp 

(
T a 

T 

)
dT (3b) 

Here T i is the ignition temperature. By substituting Eqs.

3a) and ( 3b ) into Eq. (1) : D a ig τig = τ f , we can have: 

 a ig 

∫ T i 

T 0 

A 

−1 T −b exp 

(
T a 

T 

)
d T = 

∫ T p 

T 0 

A 

−1 T −b exp 

(
T a 

T 

)
d T (4)

An explicit solution of the autoignition preheating temperature,

 p , can be estimated directly from Eq. (4) by using a one-step reac-

ion model with any A and T a . If one chooses b = 2 for convenience,
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a simple explicit expression is given as: 

T p = T a /ln 

[(
1 − D a ig 

)
e T a / T 0 + D a ig e 

T a / T i 
]

(5)

In fact, any value of b can be used to integrate Eq. (4) and the

impact of different choices of b will be discussed later. Further-

more, using the expression for flame speed from the classical lam-

inar flame theory [44] : 

S L = 

√ 

λ

c p 

T f − T i 

T i − T P 

˙ ω 

ρ
(6)

In the limit of large activation energy ( T i ≈ T f ), we can approxi-

mate: 

T i − T 0 
T i − T p 

≈ T f − T 0 

T f − T p 
(7a)

D a ig e 
T a / T i ≈ D a ig e 

T a / T f (7b)

Therefore, the laminar flame speed for autoignition assisted

flame becomes, 

S L, D a ig = 

√ 

λ

c p 

T f − T i 

T i − T p 

˙ ω 

ρ
= 

√ 

λ

c p 

˙ ω 

ρ

T f − T i 

T i − T 0 

√ 

T i − T 0 
T i − T p 

= S L,D a ig =0 

√ 

T f − T 0 

T f − T p 
(8)

As a result, an analytical solution of ignition assisted flame

speed can be achieved by combining Eqs. (5) and ( 8 ) directly: 

S L = f 
(
D a ig ; b, S L,D a ig =0 , T a 

)
(9)

Here the right hand side of Eq. (9) is an explicit function of

the ignition Damköhler number, Da ig , while S L,Da =0 is the laminar

flame speed at zero ignition Damköhler number. 

For example, for the lean cool flame in Case A at T 0 = 650 K,

P = 1 atm, φ = 0.2, the calculated activation temperature based

on the flame speed sensitivity on flame temperature perturba-

tion [45] is T a = 1871 K. Together with the computed cool flame

speed at zero ignition Damköhler number, S L,D a ig =0 = 27.2 cm/s,

Eq. (9) provides an analytical flame speed dependence on the au-

toignition Damköhler number with b = 2. In addition, for the case

b = 0 and b = 4, there is no closed-formed expression between the

flame speed and the ignition Damköhler number, but Eqs. (4) and

(8) can still be solved numerically. Figure 11 (b) shows the compar-

ison between the simulated and the analytical results with b = 0, 2,

and 4 respectively for cool flame of this case. All analytical results

show that the normalized cool flame speed increases nonlinearly

with the ignition Damköhler number and asymptotically goes to

infinity as Da ig → 1 and different values of b only change the shape

of S L –Da ig curves minorly. This implies the simple explicit expres-

sion coming from Eqs. (5) and ( 8 ) is able to depict the S L –Da ig 
relation qualitatively well, which demonstrates clearly the activa-

tion energy of autoignition in the convection-ignition zone plays

a critical role to determine the acceleration effect of the ignition

Damköhler number. This result explains the different dependences

of flame speeds on the ignition Damköhler number for lean and

rich cool flames and the warm flame shown in Figs. 4 and 8 . The

discrepancy between the analytical result and numerical result in

Fig. 11 (b) may be caused by the change of species and activation

energy in the detailed kinetic model in the process of autoignition.

4. Conclusions 

Autoignition assisted laminar cool and warm flame speeds and

structures at different ignition Damk ӧhler numbers under elevated

temperatures and pressures have been numerically and theoreti-

cally modeled over a broad range of equivalence ratios with de-

tailed chemistry. The results show that the flame speeds of both
ool and warm flame increase dramatically with the increase of

he ignition Damk ӧhler number. Furthermore, the results show the

orrelations between the flame speed and autoignition Damk ӧhler

umber depend on equivalence ratio, pressure, temperature, and

ame regimes. 

The results also shown that due to the NTC effect, the increase

f initial mixture temperature leads to a nonmonotonic change

n cool flame speed. At sub- and near-limit conditions, the cool

ame speed can be significantly faster than that of the hot flame.

oreover, the increase of initial mixture pressure shifts the NTC

urnover temperature to a higher temperature thus a higher nor-

alized cool flame speed can be achieved. Furthermore, for mix-

ures above the hot flame flammability limit, it is found that both

ool and hot flames can coexist. There exist dual flame speeds cor-

esponding, respectively, to the cool and hot flames. The cool flame

peed remains a nonmonotonic dependence on the mixture initial

emperature, but the hot flame speed only monotonically increases

ith the mixture temperature. In the NTC region, the cool flame

peed can still be higher than that of hot flame. At the end of the

TC region, with a further increase in the initial mixture tempera-

ure, the steady state cool flame does not exist and becomes a hot

ame via an unsteady transition. 

For the warm flames, at low ignition Damk ӧhler numbers, the

arm flame speed is governed by the leading cool flame. With

he increase of ignition Damk ӧhler number, the increase of warm

ame speed is slowed down due to the decoupling between the

eading cool flame and trailing intermediate temperature flame.

ompared to cool flames, with the increase of initial mixture

emperature, the non-monotonic dependence of flame speed on

ixture temperature due to the NTC effect is weakened. In the

TC region, with the appearance of an extra high temperature

eaction zone, the warm flame has three heat release peaks,

espectively, corresponding to the cool, intermediate, and high

emperature chain-branching pathways. With a further increase

f the mixture temperature, the heat release rate from the cool

ame zone decreases while the heat release rate in third high

emperature reaction zone increases and merges with the reaction

one of intermediate temperature. As a result, a warm flame

ransitions to a hot flame. 

A simple analytical model for the prediction of autoignition as-

isted flame propagation speed is developed. The results show that

he present model predicts the cool flame speed dependence on

he ignition Damk ӧhler numbers qualitatively well in comparison

o numerical simulations. The good qualitative agreement reveals

hat the flame speed dependence on ignition Damk ӧhler num-

er is mainly affected by the autoignition activation energy in the

onvection autoignition zone. 
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