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a b s t r a c t 

To address engineering challenges encountered in developing advanced gas turbine combustors, theoret- 

ical analysis and numerical simulation were performed to investigate the thermoacoustic instability of 

a laminar lean premixed flame under autoignitive conditions. The analysis was carried out within the 

scope of weak autoignition tendencies and employed a three-step mechanism, which included the chain- 

initiation reaction. The numerical simulation was performed as a validation using a skeletal mechanism 

for diesel fuel under the typical operating conditions of gas turbines. The results showed that the three- 

step mechanism could qualitatively describe the high-temperature chemistry involved in autoignition and 

flame propagation. The analysis indicated that the flame propagation speed was accelerated by the ac- 

cumulation of pre-flame reactions. Under certain conditions, the flame speed showed a linear correlation 

with the pre-flame length. The results were consistent with the existing literature. In addition, the equi- 

librium position of the flame oscillation, which was excited by velocity fluctuation, could return to the 

initial position, and pre-flame reactions could alter the phase delay. These results suggested a new mech- 

anism for thermoacoustic instability because the overall heat release rate fluctuated with the flame front. 

The flame might amplify, damp, high-pass filter, or low-pass filter the acoustic energy based on the phase 

difference between the velocity and pressure oscillations. 

© 2020 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 

1

e

g

t

r

t  

i

[

m

t

s

p

h

i

1

p

a

t

v

 

m

a

s

r

fl

i

b

L

c

K

g

h

0

. Introduction 

Lean premixed combustion has been widely adopted in mod- 

rn gas turbine engines to reduce pollutant emissions [1] . As en- 

ine efficiency is continuously improving, pressure and tempera- 

ure at the combustor inlet increase accordingly, which leads to a 

eduction of the autoignition delay time of fuel-air mixtures. For 

ypical cases, this time scale is reduced to 1–10 ms [2 , 3] , becom-

ng one of the most important constraints in fuel-air mixing design 

4] . This time scale is exploited in engineering to achieve a desired 

ixing uniformity for low-emission combustion. However, because 

he reactant mixture is autoignitive, which deviates from the clas- 

ical models, another issue emerges regarding the process of flame 

ropagation and its aerodynamic characteristics [5] . “Autoignitive”

as been defined as a condition where the flow residence time ( τ f ) 

s comparable to the autoignition delay time ( τ ig ), and the flame 
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ropagation process is notably coupled to the chemical process of 

utoignition [6–18] . The engineering needs for improving predic- 

ion models and design methods have been driving academic in- 

estigations on combustion behavior under such conditions. 

Won et al. [6 , 7] and Windom et al. [8 , 9] conducted experi-

ental studies to measure the turbulent premixed flame speed 

t varying flow residence times with a reactor assisted turbulent 

lot burner. They observed a strong CH 2 O signal in the unburned 

egime upstream of the flame front, which indicated that pre- 

ame reactions occur at elevated temperatures. Their results also 

ndicated that the turbulent flame might be drastically accelerated 

y the pre-flame reactions changing the reactant composition and 

ewis number. They observed a potential flame instability mode 

aused by a leap in the flame speed due to pre-flame reactions. 

risman et al. [10] performed a comprehensive numerical investi- 

ation on laminar premixed flames under autoignitive conditions. 

heir results showed that both single-stage and two-stage igni- 

ion fuels could form an autoignition-assisted flame, which propa- 

ated mainly owing to a diffusion-reaction balance as the flow res- 

dence time was comparable to the ignition delay time. Consistent 
. 
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ith experimental results, their results showed that pre-flame re- 

ctions could significantly modify the reactant stream ahead of the 

eaction zone and thus assist flame propagation. The results of fur- 

her numerical studies [11–14] showed that the profile of normal- 

zed flame speed might have a “hockey-stick” shape, which sug- 

ested a strong nonlinearity lay in the transition from flame prop- 

gation to autoignition. 

Schulz et al. [15–17] and Ebi et al. [18] performed a series of nu-

erical and experimental studies on the aerodynamics of methane 

ames in sequential combustors. Their results showed that au- 

oignition and flame propagation could co-exist in a turbulent re- 

cting flow. Furthermore, the transition of burning modes could 

rigger a sudden change in the local heat release rate, driving the 

ame to oscillate with high amplitude. It was essential to suppress 

uch phenomenon in engineering. However, classical thermoacous- 

ic models [19] could not describe its mechanism since the flame 

peed was no longer constant through the spatial location or flow 

esidence time. 

This work aimed at understanding the impact of pre-flame re- 

ctions on thermoacoustic instability within the scope of a lam- 

nar lean premixed flame under the operating conditions of an 

dvanced industrial gas turbine. The remainder of this paper 

s organized as follows. Section 2 presents a semi-infinite one- 

imensional model used for the theoretical analysis of the flame 

tructure, its propagation, and its response to flow oscillation un- 

er autoignitive conditions. Section 3 presents a detailed numerical 

imulation performed with surrogate diesel fuel under inlet condi- 

ions of 3 MPa and 860 K. The results were used to examine the 

hemical structure of the premixed flame and the validity of the 

revious analysis. Section 4 concludes the study presented in this 

aper. 

. Theoretical analysis 

.1. Chemical reactions 

To fully describe the chemistry of flame propagation and fuel 

utoignition, a three-step mechanism [5 , 20] was employed for the 

heoretical analysis: 

F + M → R + M r I = A I ρ
2 T n I Y F exp 

(
− T aI 

T 

)
(1) 

F + R → 2 R r II = A II ρ
2 T n II Y F Y R exp 

(
− T aII 

T 

)
(2) 

 + M → P + M ( + q c ) r I I I = A I I I ρ
2 T n I I I Y R (3) 

here F is the reactant, R is the radical, P is the product, M is the

hird body, q c is the chemical heat release, r is the reaction rate, A 

s the Arrhenius constant, ρ is the density, T is the temperature, n 

s the temperature exponent, Y is the mass fraction, and T a is the 

ctivation temperature. The first step is a chain-initiation reaction, 

hich has high activation energy. It produces the initial radicals in 

he reactant stream and thus is critical to the autoignition process. 

he second step is a chain-branching reaction, which produces a 

assive number of radicals from the reactant at a certain temper- 

ture. It also has relatively high activation energy and is the dom- 

nant reaction during the flame propagation process. The last step 

s the radical termination reaction, which is insensitive to temper- 

ture. It converts radicals to the product and releases all chemical 

eat. The first reaction used to be neglected in analyses of classi- 

al laminar premixed flames. In the present study, the inlet reac- 

ant stream was considered reactive, and its chemical process was 

imicked with the three reaction steps. In the following sections, 

he temperature exponent n was set to n I = n II = n III = 2 for the

ake of simplicity [5] . This mechanism could qualitatively describe 
514 
he high-temperature chemistry involved in autoignition and flame 

ropagation (see Appendix A ). 

.2. Model 

Figure 1 shows the laminar lean premixed flame model consid- 

ring pre-flame reactions. The flame was set to a semi-infinite one- 

imensional domain. This work only considered the circumstances 

ith weak autoignition tendencies, i.e., D a ig = τ f / τig ∼ O ( 10 −1 ) , 

here Da ig is the ignition Damkohler number [21] . So, the com- 

ustion process was still dominated by a diffusion-reaction balance 

ode. The presence of the pre-flame reaction gradually modified 

he reactant streamwise and assisted with the flame propagation. 

here were two sets of coordinates: one was defined as x with the 

rigin at the flame front, where the radical concentration reached 

ts maximum; the other was defined as ξ with the origin set at 

he flow inlet, which was upstream of the flame with the finite 

ength L . The first coordinate was used to analyze the flame struc- 

ure and steady-state propagation, while the second was used for 

he dynamic response to flow oscillation. 

If the thermal ( c p ) and transport ( λ, ρD ) properties of the mix-

ure were assumed constant, then the governing equations of the 

ame structure can be given as follows [5] : 

u = Const. (4) 

u c p 
dT 

dx 
− λ

d 2 T 

d x 2 
= q c r I I I (5) 

u 

d Y F 
dx 

− ρD F 
d 2 Y F 
d x 2 

= ω F (6) 

u 

d Y R 
dx 

− ρD R 
d 2 Y R 
d x 2 

= ω R (7) 

here u is the velocity, c p is the specific heat, λ is the thermal 

onductivity, D is the mass diffusion coefficient, and ω is the mass 

roduction rate that satisfies ω F = −r I − r II and ω R = r I + r II − r I I I . 

he boundary conditions are 

 = T u ;Y F = Y F,u ;Y R = 0 , at x = −L 
 = T b ;Y F = 0 ;Y R = 0 , at x → + ∞ 

(8) 

The thermoacoustic behavior of a flame excited by inlet veloc- 

ty fluctuation can be described as follows [19] . At a relatively low 

xcitation frequency, a quasi-static assumption was employed be- 

ause the reaction and scalar transportation reached a balance con- 

iderably faster than the velocity oscillation could: 

d ξ f 

dt 
= u in ( t ) − S 

(
ξ f 

)
(9) 

p ′ ( t ) = u 

′ 
in ( t ) Z (10) 

 ( t ) = q c Y F,u ρu S 
(
ξ f 

)
(11) 

here u in = ū in + u ′ 
in 

is the inlet velocity, S( ξ f ) is the steady-state 

ame propagation speed for the flame front at the position ξ f , p ′ 
s the pressure fluctuation, u ′ 

in 
is the inlet velocity fluctuation, Z is 

he acoustic impedance, and Q is the heat release rate. The initial 

ondition for this problem was set to a steady-state: 

f = ξ f, 0 ; u in, 0 = S 
(
ξ f, 0 

)
, at t = 0 (12) 

.3. Analysis of the flame structure and its propagation 

To simplify Eqs. (4) –(7) , a set of non-dimensional variables was 

efined as follows: 

˜ 
 = 

ρu c p 

λ
x ; ˜ T = 

c p 

q c Y F,u 

T ; ˜ Y F = 

Y F 
Y F,u 

; ˜ Y R = 

Y R 
Y F,u 

(13) 
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Fig. 1. Schematic of the flame structure under autoignitive conditions. 
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The non-dimensional governing equations are 

d ̃  T 

d ̃  x 
− d 2 ˜ T 

d ̃  x 2 
= D a I I I ̃  Y R (14) 

d ̃  Y F 
d ̃  x 

− 1 

L e F 

d 2 ˜ Y F 
d ̃  x 2 

= −D a I ̃  Y F exp 

(
−

˜ T aI 

˜ T 

)
− D a II ̃  Y F ˜ Y R exp 

(
−

˜ T aII 

˜ T 

)
(15) 

d ̃  Y R 
d ̃  x 

− 1 

L e R 

d 2 ˜ Y R 
d ̃  x 2 

= D a I ̃  Y F exp 

(
−

˜ T aI 

˜ T 

)
+ D a II ̃  Y F ˜ Y R exp 

(
−

˜ T aII 

˜ T 

)
− D a I I I ̃  Y R 

(16) 

here Le is the Lewis number. Da is the Damkohler number and 

s defined as 

D a I = A I 
p 2 

R 

2 
g 

λ

( ρu ) 
2 c p 

D a II = A II 
p 2 

R 

2 
g 

λ

( ρu ) 
2 c p 

Y F,u 

 a I I I = A I I I 
p 2 

R 

2 
g 

λ

( ρu ) 
2 c p 

(17) 

here R g represents the gas constant. The boundary conditions 

ere converted to 

˜ 
 = 

˜ T u ; ˜ Y F = 1 ; ˜ Y R = 0 , at ˜ x = −˜ L (18) 

˜ 
 = 

˜ T b ; ˜ Y F = 0 ; ˜ Y R = 0 , at ˜ x = + ∞ (19) 

The assumptions introduced to obtain an analytical solution 

ere listed as follows. 

(i) The flame structure of two-stage ignition fuels consisted of 

our sections, as shown in Fig. 1 . In the initial section, the low-

emperature chemistry initiated, causing the first-stage ignition. 

n the pre-flame section, the high-temperature chemistry gradu- 

lly modulated the reactant mixture, causing a temperature in- 

rease and fuel consumption. In the flame front section, the chain- 

ranching reaction quickly converted all remaining reactants into 

adicals. In the post-flame section, the radicals were burnt, and the 

ombustion process was completed. 

(ii) The first-stage ignition was modeled as a jump condition 

shown below) immediately downstream the flow inlet since the 
515 
hree-step mechanism could not describe it. 

˜ 
 = 

˜ T u ; ˜ Y F = 1 ; ˜ Y R = 0 ; ˜ Y P = 0 , at ˜ x = 

(
−˜ L 

)−

˜ 
 = 

˜ T s ; ˜ Y F = 

˜ Y F,s ; ˜ Y R = 

˜ Y R,s ; ˜ Y P = 

˜ Y P,s , at ˜ x = 

(
−˜ L 

)+ 
(20) 

here the parameters satisfy the following relationships: 

˜ 
 F,s + 

˜ Y R,s + 

˜ Y P,s = 1 

˜ T s − ˜ T u = 

˜ Y P,s 

D a I ̃  Y F , s exp 

(
−

˜ T aI 

˜ T s 

)
+ D a II ̃  Y F,s ̃

 Y R , s exp 

(
−

˜ T aII 

˜ T s 

)
= D a I I I ̃  Y R,s (21) 

This assumption neglected the induction length of the first- 

tage ignition. It might not be suitable in other cases. 

(iii) The reaction rate in the pre-flame section was constant be- 

ause the heat release and fuel consumption here were limited. 

he reaction rate could be estimated as 

 p f = A I 
p 2 

R 

2 
g 

Y F,s exp 

(
−T aI 

T s 

)
+ A II 

p 2 

R 

2 
g 

Y F,s Y R,s exp 

(
−T aII 

T s 

)
= A I I I 

p 2 

R 

2 
g 

Y R,s 

˜ 
 p f = D a I ̃  Y F , s exp 

(
−

˜ T aI 

˜ T s 

)
+ D a II ̃  Y F , s ̃  Y R,s exp 

(
−

˜ T aII 

˜ T s 

)
= D a I I I ̃  Y R,s 

(22) 

ased on the assumption (ii). 

(iv) The flame front was modeled as a thin reaction sheet; in 

ther words, the chain-branching reaction was fast enough to con- 

ert all remaining reactants into radicals at x = 0 . Thus, the jump 

ondition [22 , 23] across the flame front was 

˜ T 
] ˜ x = 0 + 

˜ x = 0 − = 

[
˜ Y F 

] ˜ x = 0 + 
˜ x = 0 − = 

[
˜ Y R 

] ˜ x = 0 + 
˜ x = 0 − = 

[
d ̃  T 

d ̃  x 

] ˜ x = 0 + 

˜ x = 0 −

= 

[
1 

L e F 

d ̃  Y F 
d ̃  x 

+ 

1 

L e R 

d ̃  Y R 
d ̃  x 

] ˜ x = 0 + 

˜ x = 0 −
= 0 (23) 

v) The Lewis number of the radical was unity, i.e., L e R = 1 . 

(vi) The non-dimensional length of the pre-flame section was 

uch larger than unity, i.e., ˜ L � 1 . 

Therefore, an explicit solution for the flame propagation speed 

 S ) could be obtained (see Appendix B ) as 

 = 2 T u 
T b − T f 

T b − T s 

√ 

A I I I 
λ

c p 
+ 

T b − T u 

T b − T s 

r p f L 

Y F,u ρu 
(24) 
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Table 1 

Non-dimensional parameter setting. 

˜ L 30.0 ˜ T u 0.7056 

L e F 3.479 ˜ T f 1.633 

L e R 1.0 

Fig. 2. Analytical solution of a flame under autoignitive conditions: (a) flame struc- 

ture (dashed lines: ˜ r p f = 0 . 001 and ˜ T s − ˜ T u = 0 . 03 ; solid lines: ˜ r p f = 0 . 002 and ˜ T s −
˜ T u = 0 . 06 ; dash-dot lines: ̃  r p f = 0 . 004 and ˜ T s − ˜ T u = 0 . 12 ; dotted lines: analytical so- 

lution without considering pre-flame reactions); (b) Damkohler number. 
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The first term, which is approximate to 
√ 

λ/ c p , is the flame 

ropagation speed without considering the pre-flame reactions in 

he pre-flame section. This suggested that the first-stage ignition in 

he initial section ( T s ) could also lead to flame speed acceleration. 

he second term, which is approximate to 
r p f L 

T b −T s 
, indicated that the 

ame speed was linearly related to its spatial location and that the 

radient of this relationship was amplified by the pre-flame reac- 

ions occurring in the initial section. 

Flame structure examples according to Eqs. (43) , (44) , and 

46) , along with the solution without considering pre-flame re- 

ctions (i.e., the dotted lines), were drawn in Fig. 2 (a). The 

on-dimensional parameters were set as shown in Table 1 . These 

esults suggested that the non-dimensional thickness of the high- 

emperature flame was not affected by the temperature increase 

nd fuel consumption caused by pre-flame reactions in front of it. 

he radical concentration profiles were identical at the flame front 
516 
or all four cases. In the range ˜ x < −5 , the diffusion transport of the

ame was negligible, and a pre-flame reaction-convection balance 

as established. The non-dimensional fuel concentration and tem- 

erature profiles showed good linearity, as described by the term 

˜  p f ̃  x in Eqs. (43) and (46) . The non-dimensional mass fraction of 

adicals was in the order of 10 −4 in this section, which increased 

s the pre-flame reaction rate increased. Fig. 2 (b) shows the de- 

endence of the Damkohler number (Da III ) on the accumulation 

f pre-flame reactions occurring in the pre-flame section. Three 

re-flame reaction rates (0.0 01, 0.0 02 and 0.0 04) and three initial 

emperature increases (0.03, 0.06 and 0.12) were chosen for the 

alculations with 

˜ L = 10 − 50 . These results showed that Da III de- 

reased linearly as the pre-flame reactions accumulated in the ini- 

ial and pre-flame sections. The effects of the nonlinear terms in 

q. (51) were imperceptible. 

.4. Analysis of the thermoacoustic behavior 

The thermoacoustic behavior of the flame under autoignitive 

onditions was examined by introducing a simple harmonic veloc- 

ty oscillation to the inlet: 

u in ( t ) 

u in, 0 

= 1 + A sin ( 2 π f t ) (25) 

here A is the relative amplitude and f is the frequency. The move- 

ent of the flame front could be obtained numerically by substi- 

uting the solutions of Eqs. (48) and (49) into Eq. (9) . For conve-

ient analysis, a linear approximation was employed to describe 

he relationship between the flame speed and its position: 

 

(
ξ f 

)
= S 

(
ξ f, 0 

)
+ k 

(
ξ f − ξ f, 0 

)
(26) 

here k is a coefficient (unit: s −1 ). Numerical simulations sug- 

ested that k is a positive number and increases with ξ f . Therefore, 

he flame movement yields 

d ξ f 

dt 
= u in, 0 A sin ( 2 π f t ) − k 

(
ξ f − ξ f, 0 

)
(27) 

nd its solution is 

f = ξ f, 0 + 

2 π f 

( 2 π f ) 
2 + k 2 

u in, 0 A e −kt + 

u in, 0 A √ 

( 2 π f ) 
2 + k 2 

sin ( 2 π f t − φ)

(28) 

here φ = tan 

−1 ( 2 π f 
k 

) ∈ ( 0 , π2 ) is the phase delay. If the flame 

ropagation speed was considered as a constant (i.e., k = 0), the 

ame movement yields 

f = ξ f, 0 + 

u in, 0 A 

2 π f 
+ 

u in, 0 A 

2 π f 
sin 

(
2 π f t − π

2 

)
(29) 

The impact of the pre-flame reactions on the flame front 

ovement could be determined by comparing the solutions of 

qs. (28) and (29) . Under autoignitive conditions, the equilibrium 

osition of the flame oscillation could return to the initial posi- 

ion because of k > 0. Second, the amplitude of the steady-state 

scillation could be reduced. Third, the phase difference between 

he flame oscillation and velocity excitation could be altered by the 

re-flame reactions. 

Substituting Eq. (11) into the solution of Eq. (28) yields the heat 

elease rate with velocity fluctuation: 

Q ( t ) 

Q 0 

= 1 + 

2 π f kA 

( 2 π f ) 
2 + k 2 

e −kt + 

kA √ 

( 2 π f ) 
2 + k 2 

sin ( 2 π f t − φ) 

(30) 

here Q 0 is the heat release rate at t = 0. For t → ∞ and oscilla-

ion reaching a steady-state, the fluctuation of the heat release rate 
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Fig. 3. Thermoacoustic stability diagram of a flame under autoignitive conditions. 
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Table 2 

Parameters for the theoretical model. 

Methane DME Diesel 

Y F,u – 0.03384 0.06285 0.03946 

q c J/kg 4.473 × 10 7 2.597 × 10 7 3.722 × 10 7 

c p J/kg • K 1207 1212 1205 

λ W/m • K 0.0832 0.0850 0.0825 

L e F – 0.97 1.665 3.479 

L e R – 1.0 1.0 1.0 

T f K 2050 2074 1990 

T s K 860 918.4 926.2 

φ
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c

r

a
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z

m

n

s

s given as 

 

′ ( t ) = Q 0 
kA √ 

( 2 π f ) 
2 + k 2 

sin ( 2 π f t − φ) (31) 

This can also be given in the form of an n- τ model [24] : 

 

′ ( t ) = n u 

′ 
in ( t − τ ) (32) 

here 

 = 

q c Y F,u ρu √ (
2 π f 

k 

)2 + 1 

; τ = 

1 

2 π f 
tan 

−1 

(
2 π f 

k 

)
(33) 

Combining Eqs. (25) and (31) obtains the flame transfer func- 

ion of a planar premixed flame under autoignitive conditions: 

 T F = 

̂ Q 

′ ( ω ) / ̄Q ̂ u 

′ 
in ( ω ) / u in 

= 

k √ 

ω 

2 + k 2 
e − jφ (34) 

here ω = 2 π f is the angular frequency and j is an imaginary 

nit. 

For a planar wave, the acoustic impedance is constant to a spa- 

ial location and may be expressed as 

 = ρu c u e 
− jθ (35) 

here c u is the sound speed of the reactant and θ ∈ [ 0 , 2 π) is the

hase difference between the velocity and pressure oscillation [25] . 

herefore, the steady-state pressure oscillation yields 

p ′ ( t ) = ρu c u u in, 0 A sin ( 2 π f t − θ ) (36) 

The Rayleigh criterion for this thermoacoustic behavior is 

p ′ Q 

′ = f 
1 / f 

∫ 
0 

p ′ ( t ) Q 

′ ( t ) dt = 

ρu c u u in, 0 Q 0 A 

2 

2 

√ (
2 π f 

k 

)2 + 1 

cos ( θ − φ) (37) 

A schematic diagram of this criterion is shown in Fig. 3 . It 

ndicated that the stability of a planar flame to velocity excita- 

ion depends on both θ and φ. Furthermore, it was controlled 

y the coefficient k , which represented the impact of the pre- 

ame reactions on flame propagation, and the acoustic impedance 

 , which represented the characteristics of the acoustic environ- 

ent. The figure showed that, when the effect of thermoacous- 

ic coupling reached its maximum at θ = φ, the pressure oscil- 

ation was rapidly amplified. The system was most stable at θ = 
517 
+ π , and any pressure fluctuation was damped swiftly. More- 

ver, there were four stability scenarios for certain acoustic envi- 

onments. For θ ∈ [ 0 , π2 ] , the flame was absolutely unstable to all 

xcitations. For θ ∈ ( π2 , π) , the flame was stable to excitation fre- 

uencies lower than 

k 
2 π tan ( θ − π

2 ) . This meant that, under such 

ircumstances, the combustion process might emit high-frequency 

oises. For θ ∈ [ π, 3 π2 ) , the flame was stable for all excitations 

hat were usually most desired in engineering applications. For 

∈ [ 3 π2 , 2 π) , the flame was unstable to low-frequency excitations. 

ecause φ depended on both f and k , Eq. (37) also suggested that, 

f θ ∈ ( π2 , π) or ( 3 π2 , 2 π) , the stability of the flame at a certain ex-

itation frequency could change depending on the operating con- 

itions. 

. Numerical simulation 

.1. Setup 

A series of numerical simulations were conducted to validate 

he analysis in Section 2 . The operating pressure, inlet temperature, 

nd equivalence ratio were 3 MPa, 860 K, and 0.6, respectively. A 

inary mixture of n-dodecane (77 vol%) and m-xylene (23 vol%) 

as chosen as a surrogate fuel for diesel [26 , 27] . 

One-dimensional, transient, and isobaric Navier–Stokes equa- 

ions were chosen as the governing equations. The fourth-order 

onservative scheme [28] and optimal third-order total variation 

iminishing (TVD) Runge–Kutta method [29] were employed for 

patial and temporal discretization, respectively. Open-source Can- 

era modules were used to evaluate the transport and reaction 

erms. A skeletal mechanism [27] consisting of 163 species and 887 

eactions was employed to predict the propagation behavior of the 

ean premixed flame under autoignitive conditions. The length of 

he computational domain was 1 mm for most cases. The spatial 

nd temporal resolutions were 5 × 10 −7 m and 10 −7 s, respec- 

ively. 

Table 2 presents the parameters of the analytical model. The 

ransport properties were determined at the mean temperatures of 

 u and T b . The Lewis number of methane, dimethyl ether (DME), 

nd surrogate diesel fuel was set as suggested by van Oijen [30] , 

eng et al. [31] , and Vié et al. [32] , respectively. 

.2. Flame structure and its steady-state propagation 

Figure 4 shows the steady-state flame structure at various an- 

hor positions. The flame was still dominated by a diffusion- 

eaction balance under autoignitive conditions. The pre-flame re- 

ction was notable for causing a small temperature rise and modi- 

ying the reactant stream in front of the high-temperature reaction 

one, which accelerated the flame propagation. 

The analytical solution (dashed lines) captured some of the 

ain features of the flame structure that were predicted by the 

umerical simulation (solid and dash-dot lines). First, the first- 

tage ignition initiated immediately downstream the flow inlet, 
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Fig. 4. Flame structure under autoignitive conditions (solid and dash-dot lines: numerical simulations; dashed lines: analytical solutions). 
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Fig. 5. Dependence of the flame speed on the pre-flame length. 
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he length of which was less than 0.005 cm. This scale and the 

eaction path inside this section were unaffected by the anchor 

osition or propagation speed of the flame. Second, in the region 

pstream of the flame front, the profile of the temperature, fuel 

oncentration, and cumulative heat release showed good linearity. 

 constant spatial distribution was observed for the concentration 

f minor species, some of which were critical to the pre-flame re- 

ctions (e.g., OH, CH 2 O, and H 2 O 2 ). This indicated that, in this re-

ion, the pre-flame reaction rate was close to a constant value, 

hich agreed with the theoretical analysis. Third, for the minor 

pecies related to high-temperature chemistry (e.g., OH, CO, and 

O 2 ), the peak value of the mass fraction profile was constant with 

he anchor position of the flame front. This verified the analytical 

olution of Eq. (50) . 

Because of the lack of complexity in the chemical kinetics, the 

nalysis had two major limitations. First, a considerable amount 

up to 75%) of fuel was decomposed into smaller alkyl radicals in- 

ide the initial section due to low-temperature chemistry; however, 

he increase in temperature in this section was only about 66 K, 

hich was 5.8% of the total temperature rise. This phenomenon 

ould not be depicted by the three-step mechanism. Second, the 

ame predicted by the analysis was much thinner than that pre- 

icted by the numerical simulation with the skeletal or the three- 

tep mechanism ( Fig. 11 ). This was because of the thin reaction 

heet assumption (i.e., Eq. (23) ), which took the thickness of the 

eaction layer as infinitesimal and overestimated the reaction rate 

f high-temperature chemistry. 

Figure 5 shows the dependence of the flame propagation speed 

n the pre-flame length. For the right ordinate, τ ig is the autoigni- 

ion delay time, which was 1.826 ms in the present case. τ f is the 

re-flame flow residence time and is defined as 

f = 

∫ ξ f 

0 

dξ

u ( ξ ) 
(38) 
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here u ( ξ ) is the axial velocity profile. In the range of τ f 

 τ ig = 0.2–0.6, the flame speed predicted by the numerical 

imulation showed good linearity with the pre-flame length, which 

greed well with the theoretical analysis. When τ f / τ ig < 0.2, 

he flame speed dropped dramatically as the pre-flame length de- 

reased. This might be because of the heat loss from the flame to 

ow inlet by diffusion because the pre-flame length was so short. 

t τ f / τ ig > 0.6, the combustion behavior was gradually dominated 

y the autoignition process. A convection–reaction balance gradu- 

lly formed at the high-temperature chemistry front, and the slope 

f the flame speed curve increased rapidly. 

Two other fuels, methane and DME, were included to fur- 

her validate the theoretical analysis, the parameters of which are 
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Fig. 6. Dependence of the normalized flame speed on the normalized residence 

time (dashed lines: analytical solutions at 3 MPa, T u = 860 K, φ= 0.6). 

Fig. 7. Dynamic response of the flame to inlet velocity fluctuation (black solid 

lines: numerical simulation results; red circle markers: analytical solution consid- 

ering pre-flame reactions; red solid lines: analytical solution without considering 

pre-flame reactions; blue dashed line: velocity modulation). 
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Fig. 8. Flame oscillation at various excitation frequencies (square markers: numer- 

ical simulation results; solid lines: analytical solution considering pre-flame reac- 

tions; dashed lines in (a): analytical solution without considering pre-flame reac- 

tions). 
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hown in Table 2 . Figure 6 shows the dependence of the normal- 

zed flame speed on the normalized residence time, where the an- 

lytical solution was roughly estimated as 

S 

S 0 
= 

T b − T s 

T b − T s exp 

[ 
R g q c τig r p f 

p c p 

(
τ f / τig 

)] (39) 

nder the assumptions (i)-(vi). Despite differences in fuel and op- 

rating conditions, the analytical solutions agreed well with the 

xisting literature ( [10–14 , 21] ) when τ f / τ ig < 0.6. In general, the

ame acceleration was most notable for DME at low τ f / τ ig be- 

ore the curve reaching the turning point, while it was neglectable 

or fuels with single-stage ignition, e.g., hydrogen, methane, and 

thanol. 

.3. Flame oscillation with inlet velocity fluctuation 

Figure 7 shows the dynamic response of the flame to inlet ve- 

ocity fluctuation in the numerical simulation. The frequency of the 

nlet velocity excitation was set to 80 Hz, which was the “growl”

requency in a lean premixed prevaporized (LPP) combustor [33] . 
519 
he relative amplitude of the fluctuation was set to 3%, which was 

ow enough to avoid any nonlinear behavior that would be be- 

ond the scope of this study. In the present numerical simulation, 

he pressure was considered as spatially and temporally constant. 

herefore, the complex nature of thermoacoustic coupling was not 

onsidered here. Figure 7 shows that the inlet velocity excitation 

aused the position of the flame front and the heat release rate 

o oscillate with the same frequency. The simulation results, which 

onsidered the skeletal reaction mechanism, agreed well with the 

nalytical solution based on the linear approximation in Eq. (26) . 

he equilibrium position of the flame returned to the initial posi- 

ion within three cycles, and the phase delay of the flame oscilla- 

ion relative to the velocity fluctuation was about 0.448 π ; this was 

maller than the phase delay that did not consider the impact of 

re-flame reactions on the flame propagation. 

Numerical simulations were also performed with excitation fre- 

uencies of 40, 160, and 320 Hz. The results are shown in Fig. 8 .

he simulation results agreed well with the theoretical analysis. 

he amplitude of the flame oscillation dropped as the excitation 

requency increased, and the impact of the pre-flame reactions on 

his parameter was exceedingly small in the high-frequency sec- 

ion. With increasing frequency, the phase delay of the flame fluc- 

uation increased and gradually approached π /2, which was the 

alue for the case not considering pre-flame reactions. The results 

howed that both n and τ decreased with increasing frequency. 
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Fig. 9. Contours of the Rayleigh criterion index. 
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eters of which were shown in Table 2 . 

Table 3 

Parameters of the three-step mechanism. 

Methane DME Diesel 

A I m 

3 /kg • s • K 2 0.1149 385.0 107.4 

T aI K 15,105 15,105 15,105 

A II m 

3 /kg • s • K 2 0.08842 0.04914 0.03236 

T aII K 2050 2074 1990 

A III m 

3 /kg • s • K 2 0.2758 0.3087 0.1409 
.4. Thermoacoustic behavior 

Figure 9 shows the contours of the Rayleigh criterion index, 

hich were calculated according to Eq. (37) at k = 79.36 s −1 . 

hese contours embodied the thermoacoustic stability diagram in 

ig. 3 . Above 80 Hz, the stable and unstable regions were roughly 

eparated by the lines of θ = π and θ = 2 π because k was rela- 

ively small. At low frequencies, however, the situation was much 

omplex. The boundaries between the stable and unstable regions 

ere strongly nonlinear. The scenario of selective filtering (see 

ection 2.4 ) could occur if θ = π/ 2 –π or θ = 3 π/ 2 –2 π. The value

f the Rayleigh criterion index fluctuated along the θ direction, and 

he amplitude of this fluctuation dropped rapidly along the f direc- 

ion. 

. Conclusions 

To address engineering challenges encountered in developing 

dvanced gas turbine combustors, theoretical analysis and numer- 

cal simulation were performed to investigate the thermoacous- 

ic instability of a laminar lean premixed flame under autoignitive 

onditions. The major conclusions were as follows: 

(1) The three-step mechanism employed by analysis could qual- 

tatively describe the high-temperature chemistry involved in au- 

oignition and flame propagation, while the behavior of the first- 

tage ignition was missing. 

(2) The typical structure of a lean premixed flame burning two- 

tage ignition fuels under autoignitive conditions consisted of four 

ections. In the initial section, the low-temperature chemistry ini- 

iated, causing the first-stage ignition. In the pre-flame section, 

any radicals reached the steady-state, and the fuel consump- 

ion rate and heat release rate were constant. In the flame front, 

he rate of high-temperature chain-branching chemistry reached 

ts maximum. In the post-flame section, the combustion process 

radually reached completion. 

(3) The results from the theoretical analysis and numerical sim- 

lation indicated that the propagation speed of a flame under 

utoignitive conditions was affected by the accumulation of pre- 

ame reactions, which was related to the spatial location of the 

ame front. Under certain conditions (e.g., τ f / τ ig = 0.2–0.6), the 

ame speed showed a linear correlation with the pre-flame length. 

(4) The flame oscillation, which was excited by the inlet veloc- 

ty, was investigated. The results suggested that, under autoignitive 
520 
onditions, the pre-flame reactions could cause the equilibrium po- 

ition of the flame oscillation to return to the initial position and 

ould alter the phase delay. 

(5) The thermoacoustic behavior of a planar flame was evalu- 

ted according to the Rayleigh criterion. The stability diagram and 

ontours of the Rayleigh criterion index revealed that, under au- 

oignitive conditions, a new mechanism for thermoacoustic insta- 

ility might emerge because the overall heat release rate might be 

ssociated with the spatial location of the flame front. The flame 

ight amplify, damp, high-pass filter, or low-pass filter the acous- 

ic energy based on the phase difference between the velocity and 

ressure oscillations. 

The findings from this study could contribute to the improve- 

ent of combustion models in CFD simulations. The constraint for 

nhibiting the thermoacoustic instability (i.e., θ ∈ [ π, 3 π2 ) ) might 

lso prove useful in optimizing the design of advanced gas turbine 

ombustors. The limitations of this work, such as some of the as- 

umptions employed in the analysis and the absence of compress- 

bility in the numerical simulations, will be addressed in future re- 

earch. 
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ppendix 

ppendix A 

Table 3 presents the parameters of the three-step mechanism. 

hree fuels, i.e., methane, DME, and surrogate diesel fuel (77 

ol% n-dodecane + 23 vol% m-xylene), were included represent- 

ng small hydrocarbon with single-stage ignition, small hydrocar- 

on with two-stage ignition, and large hydrocarbon with two- 

tage ignition, respectively. A unified activation temperature ( T aI ) 

as chosen for all fuels, the value of which corresponded to 

 a = 30 kcal/mol [34] . The activation temperature ( T aII ) was set as

he flame temperature ( T f ). The Arrhenius constant ( A III ) was tuned

o fit the flame speed to the prediction with detailed or skeletal 

echanisms. Other Arrhenius constants, A I and A II , were set to re- 

roduce the ignition delay time as much as possible. 

To validate the adequacy of the three-step mechanism in de- 

icting autoignition assisted flames, the CHEMKIN codes of PSR 

nd PREMIX were employed with mechanisms developed by Smith 

t al. [35] , Zhao et al. [36] , and Pei et al. [27] , respectively. The

ame operating condition as in Section 3 was chosen for all cases. 

nalytical solutions were also acquired for comparison, the param- 

https://doi.org/10.13039/501100001809
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Fig. 10. Computed scalar profiles in a perfectly stirred reactor (solid lines: detailed 

or skeletal mechanism results; dashed lines: the three-step mechanism results). 

t

t

p

a

i

t

c

Fig. 11. Computed flame structure (solid lines: detailed or skeletal mechanism re- 

sults; dashed lines: the three-step mechanism results). 

A

b

The numerical results shown in Figs. 10 , 11 and 12 indicated 

hat the three-step mechanism could qualitatively describe the au- 

oignition and flame propagation process. However, due to its sim- 

licity, the deviation in predicting ignition delay times could be 

s large as 7 times for methane. And the deviation in predict- 

ng flame speeds could be as large as 70% for DME. Furthermore, 

he three-step mechanism could not describe the low-temperature 

hemistry. The behavior of the first stage ignition was missing. 
521 
ppendix B 

Under assumptions (i)-(iv), the governing equations and their 

oundary conditions can be written as 

d ̃  T 

d ̃  x 
− d 2 ˜ T 

d ̃  x 2 
= D a I I I ̃  Y R [ 

˜ T 
∣∣

˜ x = ( −˜ L ) 
+ = 

˜ T s ; ˜ T 
∣∣

˜ x =0 
= 

˜ T f ; ˜ T 
∣∣

˜ x → + ∞ 

= 

˜ T b 

] 
(40) 
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Fig. 12. Dependence of the flame speed on the pre-flame length (markers: detailed 

or skeletal mechanism results; dash-dot lines: the three-step mechanism results; 

dashed lines: analytical solutions). 
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d ̃ Y F 
d ̃ x 

− 1 
L e F 

d 2 ˜ Y F 
d ̃ x 2 

= −˜ r p f ( ̃  x < 0) 

˜ Y F = 0 ( ̃  x > 0) [ 
˜ Y F 

∣∣
˜ x = ( −˜ L ) 

+ = 

˜ Y F,s ; ˜ Y F 
∣∣

˜ x =0 
= 0 

] 
(41) 

 

d ̃ Y R 
d ̃ x 

− 1 
L e R 

d 2 ˜ Y R 
d ̃ x 2 

= 

˜ r p f − D a I I I ̃  Y R ( ̃  x < 0) 

d ̃ Y R 
d ̃ x 

− 1 
L e R 

d 2 ˜ Y R 
d ̃ x 2 

= −D a I I I ̃  Y R ( ̃  x > 0) [ 
˜ Y R 

∣∣
˜ x = ( −˜ L ) 

+ = 

˜ Y R,s ; ˜ Y R 
∣∣

˜ x =0 
= 

˜ Y R, f ; ˜ Y R 
∣∣

˜ x → + ∞ 

= 0 

] 
(42) 

here T f and Y R, f are the temperature and radical mass fraction, 

espectively, at the flame front, as shown in Fig. 1 . These param- 

ters were determined by the chemical, thermal, and transport 

roperties of the mixture at which the chain-branching rate be- 

ame equal to the rate of removal of radicals by molecular diffu- 

ion [22 , 23] . 

The profile of the reactant mass fraction is obtained by solving 

q. (41) as follows: 

˜ 
 F = −˜ r p f ̃  x + 

˜ Y F,s − ˜ r p f ̃
 L 

1 − exp 

(
−L e F ̃  L 

) [ 1 − exp ( L e F ̃  x ) ] , ˜ x < 0 (43) 

The profile of the radical mass fraction is obtained by solving 

q. (42) as follows: 

˜ 
 R = 

{
C 1 exp ( α1 ̃  x ) + C 2 exp ( α2 ̃  x ) + 

˜ Y R,s ( ̃  x < 0) 

˜ Y R, f exp ( α2 ̃  x ) ( ̃  x > 0) 
(44) 

here α1 , α2 , C 1 and C 2 are constants: 

1 , 2 = 

L e R ±
√ 

Le 2 
R 

+ 4 L e R D a I I I 

2 

C 1 = 

−
(

˜ Y R, f − ˜ Y R,s 

)
exp 

(
−α2 ̃

 L 
)

exp 

(
−α1 ̃

 L 
)

− exp 

(
−α2 ̃

 L 
)

C 2 = 

(
˜ Y R, f − ˜ Y R,s 

)
exp 

(
−α1 ̃

 L 
)

exp 

(
−α1 ̃

 L 
)

− exp 

(
−α2 ̃

 L 
) (45) 
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By substituting Eq. (44) into Eq. (40) , the temperature profile 

ields 

˜ 
 = 

{ 

C 3 exp ( ̃  x ) + C 4 + β1 exp ( α1 ̃  x ) + β2 exp ( α2 ̃  x ) + ̃

 r p f ̃  x ( ̃  x < 0)

˜ T b − D a I I I ̃ Y R, f 

α2 
2 
−α2 

exp ( α2 ̃  x ) ( ̃  x > 0)

(46) 

here β1 , β2 , C 3 , and C 4 are constants: 

1 = − D a I I I C 1 

α2 
1 

− α1 

2 = − D a I I I C 2 

α2 
2 

− α2 

C 3 = 

(
˜ T f − ˜ T s 

)
−

[
1 − exp 

(
−α1 ̃

 L 
)]

β1 −
[
1 − exp 

(
−α2 ̃

 L 
)]

β2 − ˜ r p f ̃L

1 − exp 

(
−˜ L 

)
C 4 = 

˜ T f − β1 − β2 − C 3 (47)

For the solutions to satisfy the mass and heat flux continuity 

onditions (i.e., Eq. (23) ), two additional relationships were ob- 

ained: 

 3 + α1 β1 + α2 β2 + ̃

 r p f = 

(
˜ T f − ˜ T b 

)
α2 (48) 

˜ 
 R, f = 

(
˜ T b − ˜ T f 

)(
α2 

2 − α2 

)
D a I I I 

(49) 

Therefore, the Damkohler number and flame propagation speed 

ould be numerically acquired. 

Under the assumption (v), Eq. (49) can be further simplified as 

˜ 
 f = 

˜ T b − ˜ Y R, f (50) 

Under assumptions (v) and (vi), Eq. (48) can be transformed 

nto 

 a I I I = 

1 

4 

(
˜ T b − ˜ T s − ˜ r p f ̃

 L 

˜ T b − ˜ T f 

)2 

− 1 

4 

(51) 

hich indicated that the flame was affected by the accumulation 

f pre-flame reactions occurring in the initial ( ̃  T s ) and pre-flame 

 ̃ r p f ̃
 L ) sections. 
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